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Abstract
We study the deterministic effects of Raman-induced crosstalk in amplified wavelength division
multiplexing (WDM) optical fiber transmission lines. We show that the dynamics of pulse ampli-
tudes in an N -channel transmission system is described by an N -dimensional predator-prey model.
We find the equilibrium states with non-zero amplitudes and prove their stability by obtaining the
Lyapunov function. The stability is independent of the exact details of the approximation for the
Raman gain curve. Furthermore, we investigate the impact of cross phase modulation and Ra-
man self and cross frequency shifts on the dynamics and establish the stability of the equilibrium
state with respect to these perturbations. Our results provide a quantitative explanation for the
robustness of differential-phase-shift-keyed WDM transmission against Raman crosstalk effects.
PACS numbers: 42.65.Dr, 42.81.Dp, 42.81.-i
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I. INTRODUCTION
One of the important nonlinear processes affecting pulse propagation in massive wave-
length division multiplexing (WDM) optical fiber communication systems is due to inter-
pulse Raman-induced crosstalk [1, 2]. In this process, which takes place during collisions
between pulses from different frequency channels (interchannel collisions), energy is trans-
ferred from high-frequency pulses to low-frequency pulses. It is known that the magnitude of
the Raman-induced energy exchange in a single interchannel collision is independent of the
frequency difference between the channels. Consequently, the magnitude of the cumulative
energy shifts for a given pulse grows with the square of the number of channels, a result that
is valid for linear transmission [3–6], conventional soliton transmission [7–10], and strongly
dispersion-managed (DM) soliton transmission [11]. Therefore, in a 100-channel system, for
example, the Raman crosstalk effects can be larger by a factor of 2.5 × 103 compared with
a two-channel system operating at the same bit rate per channel.
Early studies of Raman crosstalk in WDM transmission focused on the dependence of the
energy shifts on the total number of channels [3], as well as on the impact of energy depletion
[5] and group velocity dispersion [12, 13] on the dynamics. Later on attention turned to
the combined effects of Raman crosstalk and bit-pattern randomness in the on-off-keying
(OOK) transmission scheme, and it was found that the probability density function (PDF)
of the pulse amplitudes is lognormal [4, 6, 10, 14–16]. This finding means that the nth
normalized moments of the amplitude grow exponentially with both propagation distance
and n2. Furthermore, in several studies of conventional soliton transmission it was found
that the dynamics of the frequency shift is strongly coupled to amplitude dynamics, and as a
result, the nth normalized moments of the Raman-induced self and cross frequency shifts also
grow exponentially with propagation distance and n2 (see Refs. [17–19]). This intermittent
dynamic behavior has important practical consequences, by leading to relatively high bit-
error-rate (BER) values at intermediate and large propagation distances [17–19]. Raman
crosstalk effects were also recently investigated in hut-skipped amplified WDM transmission
[20, 21], in cable television overlay passive optical networks [22, 23], in optical code-division
multiple-access transmission systems [24], and in conjunction with four-wave-mixing [25].
One of the ways to overcome the detrimental effects of Raman crosstalk on massive WDM
transmission is by replacing the OOK scheme by alternative encoding schemes, which are
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expected to be less susceptible to these effects. The differential phase shift keying (DPSK)
scheme, in which all time slots are occupied and the information is encoded in the phase
difference between adjacent pulses, is one of the promising encoding methods that have
attracted much interest in recent years [26, 27]. In DPSK transmission the Raman-induced
amplitude dynamics becomes (approximately) deterministic, and important questions arise
regarding the character of this dynamics. One major question concerns the possibility to
achieve a stable equilibrium state for the amplitudes in all channels. The study reported in
Ref. [5] demonstrated that this is not possible in unamplified optical fiber lines. However,
later experiments showed that the situation is quite different in amplified WDM transmission
[28, 29]. More specifically, it was found that the introduction of amplification into the
system significantly reduces the Raman-induced energy shifts. In the present paper we
suggest a dynamical explanation for this important experimental observation. Moreover,
we demonstrate the robustness of DPSK transmission against inter-pulse Raman crosstalk
effects by showing that equilibrium states with non-zero amplitudes in all channels do exist,
and by proving the stability of the equilibrium states.
In the present study we consider optical solitons as an example for the pulses carrying
the information for the following reasons. First, as mentioned above, the Raman-induced
energy exchange in pulse collisions is similar in linear transmission, conventional soliton
transmission, and strongly DM soliton transmission. Second, propagation of conventional
solitons through an optical fiber is described by the nonlinear Schro¨dinger (NLS) equation,
which is an integrable model [30]. Due to the integrability of the model, and to the fact that
optical solitons are stable stationary solutions of the NLS equation, the derivation of the
model for the Raman-induced amplitude dynamics can be done in a rigorous manner. Third,
conventional optical solitons have traditionally been considered as excellent candidates for
information transmission in high-speed optical fiber lines and in all-optical networks [1].
Furthermore, state-of-the-art transmission experiments already use all-Raman distributed
amplification [31–37], which is the most suitable amplification scheme for conventional soli-
tons.
Since we consider transmission systems where the pulses in each frequency channel are
well-separated, intrachannel four-wave-mixing (FWM) effects are negligible. In addition, we
assume that loss is compensated by distributed Raman amplification. It is a well-known fact
in soliton theory that in the absence of loss interchannel FWM products completely vanish
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after the collisions, see Ref. [30] for theory and Refs. [7, 38] for numerical simulations
with the NLS equation with and without delayed Raman response. We remark that even
in systems employing lumped amplifiers (and non-overlapping pulses), interchannel FWM
can be significantly reduced by dispersion-management. This is true both in the soliton
regime [38] and in the linear regime [39]. In contrast, the energy shift in a single collision
between two strongly DM solitons is given by an expression with exactly the same form as
the expression obtained for conventional solitons [11], i.e., strong dispersion-management
does not reduce Raman crosstalk.
In deriving the model for Raman-induced amplitude dynamics we fully take into account
pulse walk-off. In addition, we assume that the pulse sequences in all frequency channels
are deterministic and that the sequences are either infinitely long or are subject to periodic
temporal boundary conditions. The first setup approximates long-haul transmission, while
the second one corresponds to a closed fiber loop experiment. We also assume that the
constant net gain/loss in each channel is determined by the difference between distributed
amplifier gain and fiber loss. Notice that in this feature our model is fundamentally different
from the model derived in Ref [5]. Indeed, since in the latter model all channels experience
net loss, it does not support an equilibrium state with non-zero amplitudes in all channels.
In contrast, in our model the net gain/loss of some channels is positive while for other
channels it is negative, which is the underlying reason for the existence of equilibrium states
with non-zero amplitudes in all channels.
Our model for the Raman crosstalk dynamics in an N -channel system consists of a
system of N coupled nonlinear ordinary differential equations (ODEs) for the amplitudes in
different channels. The system of coupled ODEs can be described in the jargon of population
dynamics theory as an N -dimensional predator-prey model [40]. After obtaining the model
we look for equilibrium states with non-zero amplitudes in all channels and establish their
stability with respect to deviations of the initial amplitudes from the equilibrium values.
We also investigate the dynamic behavior induced by such deviations. In actual optical
fiber transmission systems pulse dynamics can be influenced by physical processes other
than Raman crosstalk. It is therefore important to understand the manner in which these
additional processes perturb the Raman-induced amplitude dynamics. In the present study
we investigate the effects of three perturbations due to cross phase modulation (XPM),
Raman self frequency shift (SFS), and Raman cross frequency shift (XFS). For each of
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these physical processes we construct the perturbed model describing amplitude dynamics
in an N -channel system and investigate the existence of equilibrium states with non-zero
amplitudes in all channels. Furthermore, we study the stability of the equilibrium state and
the typical dynamic behavior of the amplitudes in two-channel systems in the presence of
each of the three perturbations.
The rest of the paper is organized as follows. In Section IIA we derive the unperturbed
model for Raman-induced amplitude dynamics in WDM systems with 2N +1 channels, and
in Section IIB we find the equilibrium states of the model and investigate their stability.
In Section IIC we validate the predictions of Section IIB by numerical simulations. The
perturbed models with XPM, Raman SFS, and Raman XFS, are studied in Sections IIIA,
III B, and IIIC, respectively, for two-channel systems. Section IV is reserved for conclusions.
In Appendix A we obtain the perturbed models with XPM, Raman SFS, and Raman XFS
in WDM transmission with 2N + 1 channels.
II. DYNAMICS OF DETERMINISTIC RAMAN CROSSTALK - UNPERTURBED
MODEL
A. Derivation of the model
Propagation of short pulses of light through an optical fiber in the presence of delayed
Raman response is described by the following perturbed NLS equation [1]:
i∂zψ + ∂
2
t ψ + 2|ψ|2ψ = −ǫRψ∂t|ψ|2, (1)
where ψ is proportional to the envelope of the electric field, z is propagation distance and
t is time in the retarded reference frame. The term −ǫRψ∂t|ψ|2 represents the first order
approximation for the fiber’s delayed Raman response [41] and ǫR is the Raman coefficient
[42]. When ǫR = 0, the single-soliton solution of Eq. (1) in a frequency channel β is given
by
ψβ(t, z)=ηβ
exp(iχβ)
cosh(xβ)
, (2)
where xβ = ηβ (t− yβ − 2βz), χβ = αβ + β(t− yβ) +
(
η2β − β2
)
z, and ηβ, αβ and yβ are the
soliton amplitude, phase and position, respectively.
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Let us describe the main Raman-induced effects on a single collision between a soliton
from the jth frequency channel and a soliton from the kth frequency channel. We assume
that ǫR ≪ 1/|βj − βk| . 1, which is the typical situation in many WDM transmission
systems even for adjacent channels [38, 39]. Under this assumption one can show that the
most important effect of delayed Raman response on the collision is an O(ǫR) change in the
soliton amplitude [7–10, 15]
∆ηj = 2ǫRf(|j − k|)sgn(βk − βj)ηjηk, (3)
where the coupling constants f(|j−k|) depend on the specific approximation for the Raman
gain curve. Notice that due to the inclusion of the f(|j − k|) factors, Eq. (3) does not
rely on the triangular approximation for the Raman gain curve. If we adopt the triangular
approximation, we obtain that f(|j − k|) = 1 for any j and k. The effects of the collision in
order ǫR/|βj − βk| will be described in Section III, where we obtain the perturbed models
for amplitude dynamics. Since ǫR ≪ 1/|βj − βk| . 1, effects of order ǫ2R and higher will
be neglected. In addition, third order dispersion and self-steepening are neglected since
the collision-induced effects of these conservative perturbations on the soliton amplitude
and frequency are of higher order in both the parameter ǫ characterizing the perturbative
process and 1/|β| (see, e.g., Refs. [43–45]).
Consider now WDM transmission systems with 2N +1 channels and frequency difference
∆β between adjacent channels. Our model, which takes into account pulse walk-off, is based
on the following assumptions. (1) The soliton sequences in all channels are deterministic
in the sense that all time slots are occupied and each soliton is located at the center of a
time slot of width T . Furthermore, when considering amplitude dynamics, the amplitudes
are equal for all pulses from the same frequency channel, but are not necessarily equal for
pulses from different channels. This setup corresponds, for example, to return-to-zero (RZ)
transmission with differential-phase-shift-keying [46]. (2) The sequences are either (a) in-
finitely long, or (b) subject to periodic temporal boundary conditions. Notice that setup (a)
is an approximation for long-haul transmission systems, while setup (b) is an approximation
for closed fiber-loop experiments. (3) The gain/loss in each channel is determined by the
difference between distributed amplifier gain and fiber loss. In particular, for some channels
this difference can be slightly positive, resulting in small net gain, while for other channels
this difference can be slightly negative, resulting in small net loss. We emphasize that in
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this feature our model is essentially different from the models that are usually considered in
studies of Raman amplification schemes, where it is assumed that all pumps experience net
loss [1, 5].
To obtain the dynamic equation for the amplitude of the jth-channel solitons we note
that the distance traveled by these solitons while passing two successive solitons in the j−1
or j + 1 channels is ∆z
(1)
c = T/(2∆β). We denote by zl the location of the lth collision of
a given jth-channel soliton with solitons in the j + 1 or j − 1 channel. Using Eq. (3) and
summing over all collisions occurring within the interval (zl−1, zl], where zl = zl−1 + ∆z
(1)
c ,
we obtain
ηj(zl−1 +∆z
(1)
c ) = ηj(zl−1) + gjηj(zl−1)∆z
(1)
c + 2ǫR
N∑
k=−N
(k − j)f(|j − k|)ηj(zl−1)ηk(zl−1).(4)
The constant gj on the right hand side of Eq. (4) is the net gain/loss coefficient for the
jth channel, which is assumed to be independent of z. Due to the periodicity of the pulse
sequences the same equation is satisfied by the amplitudes of all jth-channel solitons. More-
over, the same equations with different j values, where j = −N, . . . , N , describe the dynam-
ics of the soliton amplitudes in all channels. Going to the continuum limit we obtain
dηj
dz
= ηj
[
gj + C
N∑
k=−N
(k − j)f(|j − k|)ηk
]
, (5)
where C = 4ǫR∆β/T and j = −N, . . . , N . The system (5) gives a complete description of
the dynamics of the ηj’s. Notice that apart from the important fact that some gain/loss
coefficients can be positive while others can be negative, the system (5) is similar to the
one obtained in Ref. [5] for the Raman-induced amplitude dynamics of continuous waves
in unamplified WDM transmission. Thus, our model also describes the Raman-induced
crosstalk dynamics of continuous waves in amplified WDM transmission systems.
B. Equilibrium states, stability, and conserved quantities
In optical fiber communication systems it is usually desired to achieve a steady state in
which the pulse amplitudes in all channels are equal and constant (independent of z) [1].
We therefore look for an equilibrium state of the system (5) in the form η
(eq)
j = η > 0 for
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−N ≤ j ≤ N . Setting the right hand sides of (5) equal to zero we arrive at
gj = −Cη
N∑
k=−N
(k − j)f(|j − k|). (6)
Therefore, the gain required to maintain an equilibrium state with equal amplitudes is not
flat with respect to frequency. Instead, the net gain/loss coefficient of high-frequency chan-
nels should be positive, while that of low-frequency channels should be negative. In other
words, high-frequency channels should be overamplified, whereas low-frequency channels
should be underamplified compared with the reference (j = 0) channel. Substituting Eq.
(6) into Eq. (5) we arrive at a slightly simpler form of the model, which is convenient for
analysis and numerical simulations,
dηj
dz
= Cηj
N∑
k=−N
(k − j)f(|j − k|)(ηk − η). (7)
Equation (7) can be described in population dynamics terminology as a predator-prey system
with 2N + 1 species [40].
The equilibrium states of Eq. (7) with non-zero amplitudes are determined by
N∑
k=−N
(k − j)f(|j − k|)(η(eq)k − η) = 0, −N ≤ j ≤ N. (8)
The trivial solution of Eq. (8), that is, the solution with η
(eq)
k = η > 0 for −N ≤ k ≤ N ,
corresponds to the equilibrium state of Eq. (7) with equal non-zero amplitudes. However,
due to the anti-symmetry of (k− j)f(|j− k|) with respect to an interchange of j and k, Eq.
(8) has infinitely many non-trivial solutions, and these correspond to equilibrium states of
Eq. (7) with unequal non-zero amplitudes [47]. In the case where the Raman gain curve is
described by the triangular approximation it is straightforward to show that the non-trivial
equilibrium states of Eq. (7) are determined by the following two equations:
N∑
k=−N
η
(eq)
k = (2N + 1)η,
N∑
k=−N
kη
(eq)
k = 0. (9)
Therefore, in this case the equilibrium states lie on a (2N − 1)-dimensional plane. Thus, for
a 3-channel system, for example, the equilibrium states lie on the line segment (η, η, η) −
(b− η)(1/2,−1, 1/2), where 0 < b < 3η.
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We now prove stability of all equilibrium states of Eq. (7) with non-zero amplitudes,
ηj = η
(eq)
j > 0,−N ≤ j ≤ N , by constructing a Lyapunov function for this equation. For
this purpose we consider the function
VL(η) =
N∑
j=−N
[
ηj − η(eq)j + η(eq)j ln
(
η
(eq)
j
ηj
)]
, (10)
where η = (η
−N , . . . , ηj, . . . , ηN). Taking the derivative of VL(η) along trajectories of the
system (7) we obtain
dVL
dz
=
N∑
j=−N
ηj − η(eq)j
ηj
dηj
dz
= C
N∑
j=−N
(ηj − η(eq)j )
N∑
k=−N
(k − j)f(|j − k|)(ηk − η). (11)
From Eq. (8) it follows that
∑N
k=−N(k− j)f(|j−k|)(ηk−η) =
∑N
k=−N(k− j)f(|j−k|)(ηk−
η(eq)). Using this relation together with Eq. (11) and the anti-symmetry of (k− j)f(|j− k|)
we arrive at
dVL
dz
=
N∑
j=−N
N∑
k=−N
(k − j)f(|j − k|)(ηj − η(eq)j )(ηk − η(eq)) = 0, (12)
for ηj > 0,−N ≤ j ≤ N . It is straightforward to show that each term h(ηj) = ηj − η(eq)j +
η
(eq)
j
[
ln(η
(eq)
j /ηj)
]
on the right hand side of Eq. (10) satisfies h(ηj) ≥ 0 for any ηj > 0, where
h(ηj) = 0 only at ηj = η
(eq)
j . Therefore, VL(η) ≥ 0 for any vector η for which ηj > 0 for
−N ≤ j ≤ N , where equality holds only at equilibrium points. Combining this result with
the result dVL/dz = 0 along trajectories of the system we conclude that VL is a Lyapunov
function of the system (7) and therefore the equilibrium states ηj = η
(eq)
j > 0,−N ≤ j ≤ N
are stable [48, 49]. We note that since dVL/dz = 0 rather than dVL/dz < 0 this stability
means that the values of ηj(z) are bounded for any z but do not tend to η
(eq)
j for large
propagation distance z. Thus, the typical dynamics of the amplitudes ηj(z) for initial
conditions that are off the equilibrium point is oscillatory. Notice that the stability is
independent of the exact specification of the f(|j−k|) values, and therefore the equilibrium
states are stable irrespective of the specific details of the approximation for the Raman gain
curve. Notice also that Eq. (10) actually provides K + 1 independent conserved quantities
for the model (7), where K is the dimension of the solution space of Eq. (8). For example,
if the Raman gain is described by the triangular approximation, K = 2N − 1, and there are
2N conserved quantities in total.
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C. Numerical solution of the system (7)
In order to check the predictions of the previous subsection we solve Eq. (7) numerically
by employing a fourth-order Runge-Kutta method. As a concrete example for the physical
parameter values we consider a 101-channel system operating at 40 Gbits/s per channel
with frequency spacing ∆ν = 100 GHz and dimensionless time slot width T = 5. With this
choice the pulse width is 5 ps, ∆β = π, ǫR = 0.0012, and N = 50. These parameter values
are typical for several state-of-the-art massive multichannel transmission experiments, see
Ref. [39] and references therein. Taking β2 = −1ps2km−1 and γ = 4W−1km−1 we obtain
P0 = 10 mW for the soliton peak power. The dimensionless final propagation distance is
taken as zf = 200 corresponding to Xf = 10
4 km, but the main features of the dynamics
can already be observed at considerably shorter distances. We also choose η = 1, so that
the trivial equilibrium state is η
(eq)
j = 1, for all j.
To illustrate the impact of Raman crosstalk on massive WDM transmission we focus
attention on amplitude dynamics of solitons from faraway channels. Thus, we start by
considering a two-channel system consisting of the reference channel (j = 0) and the highest-
frequency channel j = N = 50. Employing Eq. (7) to this two-channel system while
adopting the triangular approximation for the Raman gain curve we obtain
dη50
dz
= 50Cη50 (1− η0) ,
dη0
dz
= 50Cη0 (η50 − 1) . (13)
The solution of Eq. (13) for η0 > 0 and η1 > 0 is
η50(z) + η0(z)− ln [η50(z)]− ln [η0(z)] = κ, (14)
where the constant κ is determined by the values of η0(0) and η50(0). The z-dependence of
the amplitudes η0 and η50 is shown in Fig. 1 (a) for the initial condition η50(0) = 1.2 and
η0(0) = 0.9 . It is clearly seen that the amplitudes oscillate about their equilibrium value
η = 1. The dimensionless oscillation period is Zp = 41.8, corresponding to 2090 km [50].
Similar oscillatory behavior is observed for other choices of the initial amplitudes. Figure 1
(b) shows the phase portrait for the system (13). Since all trajectories are closed curves we
conclude that the dynamics is indeed periodic and that the equilibrium state is stable.
Next we consider a three-channel system consisting of the channels j = 0 and j = ±50.
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Within the Raman triangular approximation the amplitude dynamics is described by
dη50
dz
= 50Cη50 (3− η0 − 2η−50) ,
dη0
dz
= 50Cη0 (η50 − η−50) ,
dη
−50
dz
= 50Cη
−50 (−3 + 2η50 + η0) . (15)
Figure 2 (a) shows the phase portrait. The solid line is the line segment of stable equilibrium
points (1, 1, 1)−(b−1)(1/2,−1, 1/2), where 0 < b < 3. Since all trajectories are closed orbits
centered about the equilibrium line we conclude that the equilibrium states are indeed stable
and that the amplitudes exhibit periodic oscillations. This oscillatory dynamics is illustrated
in Fig. 2 (b) for the initial condition η50(0) = 0.8, η0(0) = 0.9, η−50(0) = 1.1.
As another example for possible dynamic scenarios exhibited by the unperturbed model
(7) we study a four-channel system consisting of the channels j = ±16 and j = ±48. As
we demonstrate below, a four-channel setup represents the simplest case where deviations
from the triangular approximation for the Raman gain curve lead to the emergence of new
dynamical features. We consider the following sets of values for the coupling constants
f(|j − k|): f(1) = f(2) = 1 and f(3) = 1 + p, where p = 0 for set (1) and p = 0.1 for set
(2). Thus, set (1) corresponds to the triangular approximation, whereas set (2) represents a
10% deviation from the triangular approximation for f(3). For these values of the coupling
constants the dynamics of the amplitude is described by
dη48
dz
= 32Cη48 [(6 + 3p)− η16 − 2η−16 − 3(1 + p)η−48] ,
dη16
dz
= 32Cη16 (2 + η48 − η−16 − 2η−48) ,
dη
−16
dz
= 32Cη
−16 (−2 + 2η48 + η16 − η−48) ,
dη
−48
dz
= 32Cη
−48 [−(6 + 3p) + 3(1 + p)η48 + 2η16 + η−16] . (16)
We solve the system (16) numerically with p = 0 and p = 0.1 and with the initial condition
η48(0) = 1.2, η16(0) = 1.1, η−16(0) = 0.95, and η−48(0) = 0.9. The results of our numerical
simulations are presented in Figs. 3 and 4. As can be seen, in both cases the amplitudes
exhibit oscillatory dynamics. However, in the triangular approximation case (p = 0) there
is only a single period for the oscillations, whereas in the non-triangular approximation
case (p = 0.1) two very different oscillation periods are observed. The first period is not
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significantly different from the oscillation period for p = 0, while the second period is much
longer than the first one (see Fig. 4). In fact, in order to verify that the amplitude dynamics
is indeed periodic for p = 0.1 one has to carry out the simulation up to a final propagation
distance of zf = 2000.
Notice that our choice of 40 Gbits/s per channel systems is mainly for reasons of conve-
nience, since with this value we can illustrate the oscillatory nature of the Raman-induced
amplitude dynamics already with two and three channels. Since current soliton-based sys-
tems work at 10 Gbits/s per channel it is useful to examine one example for the amplitude
dynamics in such systems. We therefore consider a 361-channel system operating at 10
Gbits/s per channel with frequency spacing ∆ν = 25 GHz and dimensionless time slot
width T = 5. For these parameter values the pulse width is 20 ps, ∆β = π, ǫR = 3× 10−4,
and N = 180. Taking β2 = −2ps2km−1 and γ = 2W−1km−1 we obtain P0 = 2.5 mW for
the soliton peak power. The dimensionless final propagation distance is taken as zf = 25
corresponding to Xf = 10
4 km, but the main dynamical features can already be observed at
shorter distances. As before we choose η = 1, so that the trivial equilibrium state is η
(eq)
j = 1,
for all j. To illustrate the dynamics we consider a seven-channel system consisting of the
channels j = 0, j = ±60, j = ±120, and j = ±180 and adopt the triangular approximation
for the Raman gain curve. The corresponding system of equations for amplitude evolution
is solved numerically with the initial condition η180(0) = 1.2, η120(0) = 1.05, η60(0) = 1.1
η0(0) = 1.15, η−60(0) = 0.98, η−120(0) = 1.1, and η−180(0) = 0.95. The results are shown
in Fig. 5. One can see that pulse amplitudes in all channels exhibit oscillatory behavior
similar to the one observed in Figures 1 and 2 for the 40 Gbits/s per channel system. Thus,
equilibrium states with non-zero amplitudes in all channels are stable in both 10 and 40
Gbits/s per channel systems, in agreement with the predictions in Section IIB.
III. DYNAMICS OF DETERMINISTIC RAMAN CROSSTALK - PERTURBED
MODELS
We now turn to study the effects of perturbations on the model described by Eq. (7). We
focus attention on the effects of cross phase modulation (XPM), Raman self frequency shift
(SFS), and Raman cross frequency shift (XFS). It is well-known that each of these processes
by itself does not change the soliton amplitude. Thus, in the absence of Raman crosstalk the
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soliton amplitudes are constant and there is no amplitude dynamics to be considered. As we
show below XPM, Raman SFS, and Raman XFS affect amplitude dynamics by leading to
z-dependence of the collision rate. For these reasons, the three processes can be considered
as perturbations to the model (7). For each of the three processes we develop a perturbed
model for amplitude dynamics and analyze the stability of the equilibrium state and the
dynamic behavior in the new model. Here we choose to concentrate on a two-channel
system consisting of channels j = 0 and j = 1 since such treatment is sufficient in order to
uncover the main changes in the dynamics compared with the unperturbed model. Without
loss of generality we assume f(1) = 1 for the coupling constant. The general forms of the
perturbed models in WDM systems with 2N + 1 channels are obtained in Appendix A.
A. Effects of cross phase modulation
The XPM-induced position shift experienced by a soliton in the jth channel as a result
of a single collision with a kth-channel soliton is given by (see, e.g., Refs. [15, 38])
∆yj =
4sgn(βk − βj)ηk
(βk − βj)2 . (17)
Our goal is to obtain a perturbed model for the dynamics of the amplitudes η0 and η1 in the
two-channel system, which takes into account the XPM-induced position shift. It is clear
that the main effect of the position shift (17) is to lead to a change in the inter-collision
distance ∆z
(1)
c , that is, ∆z
(1)
c is z-dependent in the perturbed model. In order to find this
z-dependence we first write down the equation for the location of the lth collision of the
soliton from the zero time slot in the reference channel. Since this collision is with the soliton
from the −l time slot in channel 1, the collision distance zl is determined by
y1,−l(zl) = y0,0(zl), (18)
where the first subscript in y1,−l stands for the channel and the second subscript represents
the time slot. Taking into account the difference in group velocities, 2β1, and the position
shifts experienced by the solitons in the collision we find
y1,−l(zl−1) + 2β1∆z
(1)
c (zl−1)− 4η0(zl−1)/β21 = y0,0(zl−1) + 4η1(zl−1)/β21 . (19)
Solving Eq. (19) for ∆z
(1)
c we obtain
∆z(1)c (zl−1) =
1
2β1
[y0,0(zl−1)− y1,−l(zl−1)] + 2
β31
[η0(zl−1) + η1(zl−1)] . (20)
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From the definition of zl−1 and the periodicity of the pulse sequences it follows that
y0,0(zl−1)− y1,−l(zl−1) = T . Therefore, Eq. (20) can be rewritten as
∆z(1)c (zl−1) =
T
2β1
{1 +B [η0(zl−1) + η1(zl−1)]} , (21)
where B = 4/(Tβ21). Notice that ∆z
(1)
c (zl−1) > T/(2β1) due to the fact that the XPM-
induced position shifts are positive for the reference channel solitons and negative for the
solitons in channel 1. The equations for the amplitudes η0 and η1 at zl = zl−1+∆z
(1)
c (zl−1) are
similar in form to Eq. (4). Substituting relation (21) into the equations for η0(zl−1 +∆z
(1)
c )
and η1(zl−1 +∆z
(1)
c ) and going to the continuum limit we obtain
dη1
dz
= η1
[
g1 − Cη0
1 +B (η0 + η1)
]
,
dη0
dz
= η0
[
g0 +
Cη1
1 +B (η0 + η1)
]
. (22)
Equation (22) represents the perturbed model that takes into account XPM effects. Notice
that for the typical values T = 5 and β1 = π, B ≃ 0.081, i.e., B ≪ 1. Thus, for such values
the XPM perturbation can be considered as a weak perturbation.
We look for equilibrium states of Eq. (22) that are of the form η
(eq)
0 = η
(eq)
1 = η > 0. This
requirement yields the expressions g1 = −g0 = Cη/(1 + 2Bη) for the gain/loss coefficients.
Thus, an important consequence of the XPM-induced position shifts is a change in the values
of the gain/loss coefficients that are required for maintaining an equilibrium state with equal
non-zero amplitudes. Taking into account the modified expressions for g0 and g1, we can
rewrite Eq. (22) as
dη1
dz
= Cη1
[
η
1 + 2Bη
− η0
1 +B (η0 + η1)
]
,
dη0
dz
= Cη0
[
− η
1 + 2Bη
+
η1
1 +B (η0 + η1)
]
. (23)
To prove stability of the equilibrium point (η, η) we look for a Lyapunov function of the
system (23) in the form
VL(η0, η1) = η ln
(
η
η0
)
+ η ln
(
η
η1
)
+
1 + 2Bη
B
ln
[
1 +B(η0 + η1)
1 + 2Bη
]
. (24)
Taking the derivative along trajectories of the system (23) we arrive at
dVL
dz
= − η
η0
dη0
dz
− η
η1
dη1
dz
+
1 + 2Bη
1 +B(η0 + η1)
d
dz
(η0 + η1). (25)
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Replacing dη0/dz and dη1/dz with the right hand sides of Eq. (23), we find
dVL
dz
= −Cη
[
− η
1 + 2Bη
+
η1
1 +B (η0 + η1)
]
− Cη
[
η
1 + 2Bη
− η0
1 +B (η0 + η1)
]
− Cη(η0 − η1)
1 +B (η0 + η1)
= 0. (26)
Hence, VL is constant along trajectories of Eq. (23). In addition, it is straightforward to
show that VL attains its minimum at (η, η). Since VL(η, η) = 0, it follows that VL(η0, η1) ≥ 0
for any (η0, η1) such that η0 > 0 and η1 > 0. Combining these results we conclude that VL
is a Lyapunov function for Eq. (23) and that the equilibrium state (η, η) is a center [48, 49].
Consequently, (η, η) is a stable equilibrium point and deviations of the initial amplitude
values from η lead to oscillatory dynamics of η0(z) and η1(z). This means that the XPM
perturbation does not change the stability properties of the equilibrium state.
To illustrate these conclusions we numerically solve Eq. (23) by use of a fourth-order
Runge-Kutta scheme. For concreteness we consider a 2-channel transmission system oper-
ating at 160 Gbits/s per channel with time slot width T = 5. In this system the pulse width
is 1.25 ps and ǫR = 0.0048. Notice that WDM transmission at 160 Gbits/s per channel has
received much attention in recent years both theoretically [51] and experimentally [52–54].
Taking β2 = −0.5ps2km−1 and γ = 4W−1km−1 we obtain P0 = 80 mW for the soliton peak
power. The dimensionless final propagation distance is taken as zf = 1280 corresponding
to propagation over Xf = 8000 km, but the main dynamical features are observed already
at much shorter distances. Without loss of generality we choose η = 1, so that the equilib-
rium state is (1, 1). Figure 6 shows the z-dependence of η1 and η0 with the initial condition
η1(0) = 1.1 and η0(0) = 0.9 for ∆β = 2.0 (a) and ∆β = 10.0 (b). The latter values of
∆β correspond to interchannel frequency spacing of ∆ν = 250 GHz and ∆ν = 1250 GHz,
respectively. In both cases the amplitudes exhibit oscillations about the equilibrium value
in accordance with the prediction of the analytic calculations. Similar oscillatory dynamics
is observed for other initial conditions and other values of ∆β. Furthermore, as can be
seen from Fig. 7, all solutions curves in the phase plane are closed. Thus, our numerical
simulations validate the predictions about stability of the equilibrium state in the presence
of XPM.
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B. Effects of Raman self frequency shift
The Raman-induced SFS experienced by the jth-channel solitons is given by [55–57]
dβj
dz
= − 8
15
ǫRη
4
j (z), (27)
where we explicitly take into account the coupling of the frequency shift to the amplitude.
Consider the effects of the Raman SFS on amplitude dynamics in a two-channel system
consisting of channels 0 and 1. Since in general η0(z) 6= η1(z), the Raman-induced SFS can
lead to z-dependence of the frequency difference β10(z) = β1(z)−β0(z), which in turn would
lead to z-dependence of the inter-collision distance ∆z
(1)
c = T/(2β10). Therefore, the impact
of the Raman SFS on amplitude dynamics in a two-channel system can be taken into account
by replacing the constant frequency difference ∆β by the z-dependent frequency difference
β10(z) in the equations for η0 and η1, and by using relation (27) to obtain the dynamic
equation for β10. This calculation yields the following system:
dη1
dz
= η1
(
g1 − C
∆β
β10η0
)
,
dη0
dz
= η0
(
g0 +
C
∆β
β10η1
)
,
dβ10
dz
= − 8
15
ǫR
(
η41 − η40
)
. (28)
Looking for equilibrium states of the system (28) in the form (η, η,∆β) we obtain g1 =
−g0 = Cη for the gain/loss coefficients. Comparing this result with the result obtained in
section II for the unperturbed model we see that the Raman-induced SFS does not change
the values of the gain/loss coefficients that are required for maintaining an equilibrium state
with equal amplitudes. Using the values g1 = −g0 = Cη we can rewrite the system (28) in
a simpler form,
dη1
dz
= Cη1 (η − β10η0/∆β) ,
dη0
dz
= Cη0 (−η + β10η1/∆β) ,
dβ10
dz
= − 8
15
ǫR
(
η41 − η40
)
. (29)
We study the stability of the equilibrium state (η, η,∆β) of (29) by linear stability analysis
and by numerical simulations. Linear stability analysis predicts a bifurcation at ∆βbif =
16
(16Tη3/15)1/2. For ∆β > ∆βbif the Jacobian matrix of (29) has two purely imaginary
eigenvalues and one zero eigenvalue, while for ∆β < ∆βbif all three eigenvalues are real.
In the latter case one eigenvalue is positive, another is negative, and the third one is zero.
For ∆β = ∆βbif all three eigenvalues are equal to zero. Based on this analysis one might
suspect that the equilibrium state (η, η,∆β) becomes unstable for ∆β < ∆βbif . However,
since (η, η,∆β) remains a non-hyperbolic equilibrium point, linear stability calculations
might fail [48, 49] and one has to resort to numerical simulations to study stability.
We perform numerical simulations with Eq. (29) for the same two-channel system that
was considered in subsection IIIA. Choosing η = 1, the equilibrium state is (1, 1,∆β)
and the bifurcation value predicted by linear stability analysis is ∆βbif ≃ 2.31. Figure 8
shows the z-dependence of the amplitudes and frequency difference for ∆β = 2.0 (a) and
∆β = 5.0 (b). The initial conditions are η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.999
in (a), and η1(0) = 1.1, η0(0) = 0.9, and β10(0) = 5.1 in (b). One observes that in (a)
η1(z), η0(z), and β10(z) tend away from their equilibrium values (1, 1, 2), while in (b) η1(z),
η0(z), and β10(z) oscillate about their equilibrium values (1, 1, 5). Similar dynamic behavior
is obtained for other initial conditions in the neighborhood of (1, 1, 2) or (1, 1, 5). Based
on these observations we conclude that the equilibrium state (1, 1, 2) is unstable, whereas
(1, 1, 5) is stable, in agreement with linear stability analysis. This conclusion is further
supported by the corresponding phase portraits that are shown in Fig. 9. For the system
with ∆β = 2.0 the trajectories starting in the vicinity of (1, 1, 2) tend away from (1, 1, 2).
In contrast, for the system with ∆β = 5.0 trajectories in the vicinity of (1, 1, 5) are closed
curves centered about (1, 1, 5).
To further investigate the stability properties of a generic equilibrium point (η, η,∆β)
we perform detailed analysis of numerical simulations data for η and ∆β values close to the
bifurcation line predicted by linear stability calculations: ∆βbif ≃ 2.31η1.5. Figure 10 is the
bifurcation diagram obtained by this analysis. It is seen that the bifurcation line obtained
by numerical solution of Eq. (29) closely agrees with the line predicted by linear stability
computations despite of the fact that (η, η,∆β) is a non-hyperbolic equilibrium state. Notice
that the points in the η − ∆β plane that are above the bifurcation line are stable, while
those that are below the bifurcation line are unstable. Thus, transmission in the two-channel
system described in subsection IIIA becomes unstable for frequency spacing values smaller
than 2.31η1.5.
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C. Effects of Raman cross frequency shift
The second effect of delayed Raman response on a single collision between a jth-channel
soliton and a kth-channel soliton is an O(ǫR/|βj−βk|) frequency shift [7, 9–11, 15, 58]. This
Raman-induced XFS is given by [15, 17, 18]
∆βj = −
8ǫRη
2
j ηk
3|βk − βj | . (30)
We now consider the impact of this frequency shift on amplitude dynamics in a two-channel
system. Since in general the amplitudes η0 and η1 vary with z, the frequency shifts might
lead to z-dependence of the frequency difference β10. In order to construct the perturbed
model describing the effects of the Raman XFS we first obtain an equation for the dynamics
of β10. Using Eq. (30) we find dβ0/dz = −16ǫRη20η1/(3T ) and dβ1/dz = −16ǫRη0η21/(3T ).
Combining these relations with the definition of β10 we arrive at
dβ10
dz
= −16ǫRη0η1 (η1 − η0) /(3T ). (31)
In addition, we replace the constant frequency difference ∆β by the z-dependent frequency
difference β10(z) in the equations for η0 and η1 to obtain
dη1
dz
= η1
(
g1 − C
∆β
β10η0
)
,
dη0
dz
= η0
(
g0 +
C
∆β
β10η1
)
. (32)
Equations (31) and (32) represent the perturbed model for amplitude dynamics in the pres-
ence of the Raman XFS.
We look for equilibrium states of the model in the form (η, η,∆β) and find g1 = −g0 = Cη
for the gain/loss coefficients. Therefore, the Raman XFS does not modify the values of the
gain/loss coefficients required for maintaining an equilibrium state with equal amplitudes.
Substituting g1 = −g0 = Cη into Eq. (32) we obtain the following simpler form of the
model:
dη1
dz
= Cη1 (η − β10η0/∆β) ,
dη0
dz
= Cη0 (−η + β10η1/∆β) ,
dβ10
dz
= −16ǫRη0η1 (η1 − η0) /(3T ). (33)
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It is possible to show that VX(η1, η0, β10) = 8η0η1/3 + β
2
10 is a conserved quantity for the
system (33). However, this does not guarantee the stability of the equilibrium point. Linear
stability analysis predicts bifurcation at ∆βbif = (8/3)
1/2η. For ∆β > ∆βbif the Jacobian
matrix of (33) has two purely imaginary eigenvalues and one zero eigenvalue, while for
∆β < ∆βbif all three eigenvalues are real. In the latter case one eigenvalue is positive,
another is negative, and the third one is zero. For ∆β = ∆βbif all three eigenvalues are
equal to zero. Based on this analysis one suspects that the equilibrium state (η, η,∆β)
becomes unstable for ∆β < ∆βbif .
Since (η, η,∆β) is a non-hyperbolic equilibrium point linear stability calculations might
lead to erroneous conclusions [48, 49]. We therefore investigate the stability of (η, η,∆β) by
numerical simulations with Eq. (33). For concreteness we consider the two-channel system
described in subsection IIIA. Choosing η = 1, the equilibrium state is (1, 1,∆β) and the
bifurcation value predicted by linear stability analysis is ∆βbif ≃ 1.63. Figure 11 shows
the dynamics of the amplitudes and frequency difference for ∆β = 1.5 (a) and ∆β = 5.0
(b). The initial conditions are η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.499 in (a), and
η1(0) = 1.2, η0(0) = 0.9, and β10(0) = 5.05 in (b). It is observed that in (a) η1(z), η0(z), and
β10(z) tend away from their equilibrium values (1, 1, 1.5), while in (b) η1(z), η0(z), and β10(z)
oscillate about the equilibrium values (1, 1, 5). Additional numerical simulations with other
initial conditions in the vicinity of (1, 1, 1.5) or (1, 1, 5) show the same dynamical behavior.
We therefore conclude that the equilibrium state (1, 1, 1.5) is unstable, while (1, 1, 5) is
stable, in agreement with linear stability analysis. This conclusion is also supported by the
corresponding phase portraits.
To check the stability of a generic equilibrium state (η, η,∆β) we carefully analyze re-
sults of numerical simulations with Eq. (33) for different η and ∆β values. We pay special
attention to the region in the η-∆β plane that is in the close neighborhood of the bifurcation
line ∆βbif ≃ 1.63η, predicted by linear stability computations. Figure 12 shows the bifurca-
tion diagram that is obtained by our analysis. It is seen that the bifurcation line obtained
by numerical simulations is in good agreement with the line predicted by linear stability
calculations, despite of the non-hyperbolic character of (η, η,∆β). Notice that equilibrium
points lying below the line ∆β = 1.63η are unstable, while those lying above it are stable.
As a practical consequence we note that transmission in the two-channel system described
in subsection IIIA is unstable for frequency spacing values smaller than 1.63η.
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IV. CONCLUSIONS
We studied the deterministic effects of inter-pulse Raman crosstalk in amplified WDM
optical fiber transmission systems. We considered conventional optical solitons as an ex-
ample for the pulses carrying the information and assumed that the pulse sequences in
all frequency channels are deterministic and that the sequences are either infinitely long
or are subject to periodic temporal boundary conditions. The first setup approximates
return-to-zero (RZ) differential-phase-shift-keyed (DPSK) long-haul transmission, while the
second one corresponds to RZ DPSK closed fiber loop experiments. We assumed in addi-
tion that the constant gain/loss in each frequency channel is determined by the difference
between distributed amplifier gain and fiber loss. Under these assumptions we showed that
the dynamics of pulse amplitudes in an N -channel transmission line is described by a sys-
tem of N coupled nonlinear ordinary differential equations (ODEs), having the form of an
N -dimensional predator-prey model. We calculated the gain/loss coefficients required for
maintaining an equilibrium state with equal non-zero amplitudes in all channels, and showed
that high-frequency channels should be overamplified, while low-frequency channels should
be underamplified compared with the middle (reference) channel. This means that the net
gain/loss profile should not be flat with respect to the frequency. With these values of the
gain/loss coefficients we proved stability of equilibrium states with non-zero amplitudes in
all channels by constructing Lyapunov functions for the system of ODEs. The stability
was found to be independent of the exact details of the approximation for the Raman gain
curve. Furthermore, since the Lyapunov functions are conserved quantities for the system,
typical dynamics of the amplitudes for initial conditions that are off the equilibrium points
is oscillatory.
In an actual optical fiber line Raman crosstalk is not the only process impacting pulse
dynamics. It is therefore important to understand the manner in which other physical pro-
cesses perturb the Raman-induced amplitude dynamics described above. In this study we
concentrated on the effects of three perturbations due to cross phase modulation (XPM),
Raman self frequency shift (SFS) and Raman cross frequency shift (XFS). For each of these
physical processes we constructed the corresponding perturbed model for an N -channel sys-
tem and studied the dynamics in a two-channel system. For XPM-perturbed two-channel
transmission we found that the gain/loss coefficients required for maintaining an equilib-
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rium state with equal non-zero amplitudes are smaller compared with the values in the
unperturbed case. This is explained by noting that the XPM-induced position shifts tend
to increase the inter-collision distance and thus to decrease the rate of collisions. In con-
trast, the stability of the equilibrium state with equal non-zero amplitudes is not changed
by XPM, i.e., the equilibrium state remains a center. For two-channel systems perturbed by
Raman SFS or Raman XFS we found that the values of the gain/loss coefficients required
for maintaining the equilibrium state are the same as in the unperturbed case. However,
the stability properties of the equilibrium state change as the frequency difference between
the channels is decreased or increased, i.e., the system undergoes a bifurcation. The bi-
furcation curves are given by ∆βbif = (16Tη
3/15)1/2 for the perturbed model with Raman
SFS and ∆βbif = (8/3)
1/2η for the perturbed model with Raman XFS. In both models, for
a fixed value of η, two-channel transmission with ∆β > ∆βbif is stable, while two-channel
transmission with ∆β < ∆βbif is unstable. We therefore conclude that the Raman-induced
interplay between amplitude dynamics and frequency dynamics sets a bound on the smallest
frequency spacing for stable transmission.
In summary, our study provides a quantitative explanation to the stability of WDM
DPSK transmission against Raman crosstalk effects. This stability was demonstrated in
experiments in a closed fiber loop [28]. The stable behavior of Raman-induced amplitude
dynamics in DPSK transmission is very different from the intermittent dynamic behavior
exhibited by pulse parameters in on-off-keyed (OOK) transmission due to the interplay
between Raman crosstalk and bit-pattern randomness [4, 6, 17–19]. This different dynamic
behavior is an important advantage of DPSK transmission over OOK transmission.
Appendix A: Perturbed models in WDM transmission with 2N + 1 channels
In this appendix we derive the perturbed models for Raman-induced amplitude dynamics
in the presence of XPM and Raman SFS and XFS for WDM transmission lines with 2N +1
channels.
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1. Cross phase modulation
The rate of collisions of a soliton from the jth channel with solitons from the the kth
channel in the unperturbed model is
Rujk = |k − j|/∆z(1)c , (A1)
where ∆z
(1)
c = T/(2∆β) is constant. Thus, Eq. (4) for the change of the soliton amplitude
in the interval (zl−1, zl−1 +∆z
(1)
c ] in the unperturbed model can be written as
ηj(zl−1 +∆z
(1)
c ) = ηj(zl−1) + gjηj(zl−1)∆z
(1)
c
+2ǫR∆z
(1)
c
N∑
k=−N
Rujksgn(k − j)f(|j − k|)ηj(zl−1)ηk(zl−1). (A2)
In the perturbed transmission system, Eq. (A1) is replaced by
Rpjk(z) = |k − j|/∆z(1)cjk(z), (A3)
where the z-dependent inter-collision distance ∆z
(1)
cjk is affected by the XPM-induced position
shifts. Replacing Rujk by R
p
jk in Eq. (A2) while employing relation (A3) we arrive at
ηj(zl−1 +∆z
(1)
c ) = ηj(zl−1) + gjηj(zl−1)∆z
(1)
c
+2ǫR∆z
(1)
c
N∑
k=−N
k − j
∆z
(1)
cjk(zl−1)
f(|j − k|)ηj(zl−1)ηk(zl−1). (A4)
In order to find an expression for ∆z
(1)
cjk(z) we write down an equation for the location of the
collision of the soliton from the zeroth time slot in the jth channel with the soliton from the
l(j−k) time slot in the kth channel: yk,l(j−k)(zl) = yj,0(zl). Taking into account the different
group velocities and summing over all XPM-induced position shifts during the collisions we
arrive at the following generalization of Eq. (19):
yk,l(j−k)(zl−1) + 2k∆β∆z
(1)
cjk(zl−1) +
4
(∆β)2
N∑
m=−N
ηm(zl−1)
|m− k|sgn(βm − βk)(1− δmk)
(m− k)2
= yj,0(zl−1) + 2j∆β∆z
(1)
cjk(zl−1) +
4
(∆β)2
N∑
m=−N
ηm(zl−1)
|m− j|sgn(βm − βj)(1− δmj)
(m− j)2 ,
(A5)
where δij is the Kronecker delta function. Solution of Eq. (A5) for ∆z
(1)
cjk(zl−1) yields
∆z
(1)
cjk(zl−1) =
T
2∆β
{
1 +
4
T (j − k)(∆β)2
N∑
m=−N
ηm(zl−1)
[
1− δmk
m− k −
1− δmj
m− j
]}
. (A6)
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Taking the continuum limit in Eqs. (A4) and (A6) we obtain
dηj
dz
= ηj
[
gj + 2ǫR
N∑
k=−N
k − j
∆z
(1)
cjk
f(|j − k|)ηk
]
. (A7)
Equation (A7) together with Eq. (A6) (with zl−1 replaced by z) represent the perturbed
model for Raman-induced amplitude dynamics in the presence of XPM in WDM transmis-
sion systems with 2N + 1 channels.
2. Raman self and cross frequency shifts
Consider the perturbed model with the Raman-induced SFS. The change in the amplitude
of a jth-channel soliton within the interval (zl−1, zl−1 + ∆z
(1)
c ] is still given by Eq. (A4).
However, now the z-dependent inter-collision distance ∆z
(1)
cjk is given by
∆z
(1)
cjk(zl−1) = (k − j)T/(2βkj(zl−1)), (A8)
where βkj(z) = βk(z)− βj(z). The dynamics of βkj is governed by
dβkj
dz
= − 8
15
ǫR
(
η4k − η4j
)
. (A9)
Substituting relation (A8) into Eq. (A4) and going to the continuum limit we obtain
dηj
dz
= ηj
[
gj +
4ǫR
T
N∑
k=−N
f(|j − k|)βkjηk
]
. (A10)
Equations (A9) and (A10) with −N ≤ j, k ≤ N describe the Raman-induced amplitude
dynamics in the presence of Raman SFS in transmission systems with 2N +1 channels. It is
straightforward to show that the gain/loss coefficients gj that are required for maintaining
an equilibrium state with equal non-zero amplitudes in all channels are given by Eq. (6),
that is, the values of these coefficients are not modified by the Raman SFS.
Turning to the perturbed model with Raman XFS we observe that amplitude dynamics
is described by Eq. (A10). To obtain the dynamic equation for the frequency difference βkj
we first compute the change in the frequency experienced by a soliton in the jth channel
within the interval (zl−1, zl−1 +∆z
(1)
c ]. Employing Eq. (30) and summing over all collisions
we arrive at
βj(zl−1 +∆z
(1)
c ) = βj(zl−1)−
8ǫR
3∆β
η2j (zl−1)
N∑
k=−N
ηk(zl−1)(1− δkj). (A11)
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The continuum limit of Eq. (A11) is
dβj
dz
= −16ǫR
3T
η2j
N∑
k=−N
ηk(1− δkj), (A12)
and therefore the dynamics of βkj(z) is governed by
dβkj
dz
= −16ǫR
3T
[
ηkηj(ηk − ηj) +
N∑
m=−N
ηm(η
2
k − η2j )(1− δmk)(1− δmj)
]
. (A13)
Thus, the perturbed model for Raman-induced amplitude dynamics in the presence of Ra-
man XFS is given by Eqs. (A10) and (A13), where −N ≤ j, k ≤ N . A simple calculation
shows that the values of the gain/loss coefficients required to maintain an equilibrium state
with equal non-zero amplitudes in all frequency channels are the same as in the unperturbed
model.
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List of Figure Captions
Fig. 1. Amplitude dynamics for the two-channel system described by Eq. (13). (a) The z-
dependence of η50 (solid curve) and η0 (dotted curve) with the initial condition η50(0) = 1.2
and η0(0) = 0.9. (b) The corresponding phase portrait.
Fig. 2. Amplitude dynamics for the three-channel system described by Eq. (15). (a) The
phase portrait. (1,1,1) is the second equilibrium point from the right. (b) The z-dependence
of η50 (solid curve), η0 (dotted curve), and η−50 (dashed curve), with the initial condition
η50(0) = 0.8, η0(0) = 0.9, η−50(0) = 1.1.
Fig. 3. The z-dependence of pulse amplitudes for the four-channel system described by Eq.
(16) for p = 0 (a), and p = 0.1 (b). The initial condition is η48(0) = 1.2, η16(0) = 1.1,
η
−16(0) = 0.95, and η−48(0) = 0.9. The solid, dashed, dashed-dotted, and dotted curves
represent η48(z), η16(z), η−16(z), and η−48(z), respectively.
Fig. 4. The z-dependence of the amplitudes of pulses in the j = 48 channel for p = 0 (a),
and p = 0.1 (b). The initial condition is the same as in Fig 3 and the final propagation
distance is zf = 2000.
Fig. 5. The z-dependence of pulse amplitudes for a seven-channel system operating at 10
Gbits/s per channel. The initial amplitudes are η180(0) = 1.2, η120(0) = 1.05, η60(0) = 1.1
η0(0) = 1.15, η−60(0) = 0.98, η−120(0) = 1.1, and η−180(0) = 0.95. The solid, dashed, dotted,
and dashed-dotted curves in (a) represent η180(z), η60(z), η−60(z), and η−180(z), respectively.
The solid, dashed, and dotted curves in (b) correspond to η120(z), η0(z), and η−120(z).
Fig. 6. The z-dependence of pulse amplitudes for the XPM-perturbed two-channel system
described by Eq. (23) with ∆β = 2.0 (a) and ∆β = 10.0 (b). The initial condition
is η1(0) = 1.1 and η0(0) = 0.9. The solid and dotted lines represent η1(z), and η0(z),
respectively.
Fig. 7. The phase portrait for the XPM-perturbed two-channel system described by Eq.
(23) with ∆β = 2.0 (a) and ∆β = 10.0 (b).
Fig. 8. The z-dependence of soliton amplitudes and frequency difference for a two-channel
system perturbed by the Raman SFS [Eq. (29)]. (a) The dynamics with ∆β = 2.0 and
initial condition η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.999. (b) The dynamics with
∆β = 5.0 and initial condition η1(0) = 1.1, η0(0) = 0.9, β10(0) = 5.1. The solid, dashed and
dotted lines represent η1(z), η0(z), and β10(z), respectively.
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Fig. 9. The phase portraits for the two-channel system perturbed by the Raman SFS with
∆β = 2.0 (a) and ∆β = 5.0 (b).
Fig. 10. The bifurcation diagram for the two-channel system perturbed by the Raman SFS.
The squares correspond to the bifurcation values obtained by numerical solution of Eq. (29),
while the solid line is a fit of the form ∆βbif = 2.30η
1.51 for the numerical data. The dotted
line represents the prediction of linear stability analysis: ∆βbif ≃ 2.31η1.5.
Fig. 11. The z-dependence of soliton amplitudes and frequency difference for a two-channel
system perturbed by the Raman XFS [Eq. (33)]. (a) The dynamics with ∆β = 1.5 and
initial condition η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.499. (b) The dynamics with
∆β = 5.0 and initial condition η1(0) = 1.2, η0(0) = 0.9, β10(0) = 5.05. The solid, dashed
and dotted lines represent η1(z), η0(z), and β10(z), respectively.
Fig. 12. The bifurcation diagram for the two-channel system perturbed by the Raman XFS.
The squares correspond to the bifurcation values obtained by numerical solution of Eq. (33),
while the solid line is a fit of the form ∆βbif = 0.04 + 1.64η for the numerical data. The
dotted line is the prediction of linear stability analysis: ∆βbif ≃ 1.63η.
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FIG. 1: Amplitude dynamics for the two-channel system described by Eq. (13). (a) The z-
dependence of η50 (solid curve) and η0 (dotted curve) with the initial condition η50(0) = 1.2 and
η0(0) = 0.9. (b) The corresponding phase portrait.
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FIG. 2: Amplitude dynamics for the three-channel system described by Eq. (15). (a) The phase
portrait. (1,1,1) is the second equilibrium point from the right. (b) The z-dependence of η50
(solid curve), η0 (dotted curve), and η−50 (dashed curve), with the initial condition η50(0) = 0.8,
η0(0) = 0.9, η−50(0) = 1.1.
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FIG. 3: The z-dependence of pulse amplitudes for the four-channel system described by Eq. (16)
for p = 0 (a), and p = 0.1 (b). The initial condition is η48(0) = 1.2, η16(0) = 1.1, η−16(0) = 0.95,
and η
−48(0) = 0.9. The solid, dashed, dashed-dotted, and dotted curves represent η48(z), η16(z),
η
−16(z), and η−48(z), respectively.
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FIG. 4: The z-dependence of the amplitudes of pulses in the j = 48 channel for p = 0 (a), and
p = 0.1 (b). The initial condition is the same as in Fig 3 and the final propagation distance is
zf = 2000.
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FIG. 5: The z-dependence of pulse amplitudes for a seven-channel system operating at 10 Gbits/s
per channel. The initial amplitudes are η180(0) = 1.2, η120(0) = 1.05, η60(0) = 1.1 η0(0) = 1.15,
η
−60(0) = 0.98, η−120(0) = 1.1, and η−180(0) = 0.95. The solid, dashed, dotted, and dashed-dotted
curves in (a) represent η180(z), η60(z), η−60(z), and η−180(z), respectively. The solid, dashed, and
dotted curves in (b) correspond to η120(z), η0(z), and η−120(z).
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FIG. 6: The z-dependence of pulse amplitudes for the XPM-perturbed two-channel system de-
scribed by Eq. (23) with ∆β = 2.0 (a) and ∆β = 10.0 (b). The initial condition is η1(0) = 1.1 and
η0(0) = 0.9. The solid and dotted lines represent η1(z), and η0(z), respectively.
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FIG. 7: The phase portrait for the XPM-perturbed two-channel system described by Eq. (23) with
∆β = 2.0 (a) and ∆β = 10.0 (b).
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FIG. 8: The z-dependence of soliton amplitudes and frequency difference for a two-channel system
perturbed by the Raman SFS [Eq. (29)]. (a) The dynamics with ∆β = 2.0 and initial condition
η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.999. (b) The dynamics with ∆β = 5.0 and initial
condition η1(0) = 1.1, η0(0) = 0.9, β10(0) = 5.1. The solid, dashed and dotted lines represent
η1(z), η0(z), and β10(z), respectively.
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FIG. 9: The phase portraits for the two-channel system perturbed by the Raman SFS with ∆β =
2.0 (a) and ∆β = 5.0 (b).
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FIG. 10: The bifurcation diagram for the two-channel system perturbed by the Raman SFS. The
squares correspond to the bifurcation values obtained by numerical solution of Eq. (29), while the
solid line is a fit of the form ∆βbif = 2.30η
1.51 for the numerical data. The dotted line represents
the prediction of linear stability analysis: ∆βbif ≃ 2.31η1.5.
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FIG. 11: The z-dependence of soliton amplitudes and frequency difference for a two-channel system
perturbed by the Raman XFS [Eq. (33)]. (a) The dynamics with ∆β = 1.5 and initial condition
η1(0) = 1.001, η0(0) = 0.999, and β10(0) = 1.499. (b) The dynamics with ∆β = 5.0 and initial
condition η1(0) = 1.2, η0(0) = 0.9, β10(0) = 5.05. The solid, dashed and dotted lines represent
η1(z), η0(z), and β10(z), respectively.
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FIG. 12: The bifurcation diagram for the two-channel system perturbed by the Raman XFS. The
squares correspond to the bifurcation values obtained by numerical solution of Eq. (33), while the
solid line is a fit of the form ∆βbif = 0.04 + 1.64η for the numerical data. The dotted line is the
prediction of linear stability analysis: ∆βbif ≃ 1.63η.
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